We examined three cases of Schully model [1] [2] for Mongolian economy. In the first case, we consider the production function with constant returns to scale. In the second case, we employ an econometric model for the production function with none constant return to scale without constraints on parameters of elasticities. Finally, the constrained regression model has been implemented by solving a convex minimization problem over a convex set. Also, we have proved that Schully production function namely, "U shape function" in the literature [1] [2] [3] in fact is concave function under some assumptions.
Introduction
Economic growth is the main macroeconomic indicator. There are many works [1] - [8] devoted to economic growth. In papers [1] [9] [10] [11] economic growth and taxation have been studied. Growth can be reached by the accumulation of capital and from innovations which lead to technical progress. Accumulation and innovation increase the productivity of inputs into production and provides the potential level of output.
The rate of growth can be affected by policy choices through the taxation. An increase in taxation reduces the returns to investment. Lower returns mean less accumulation and innovation, and hence a lower rate of growth. This is the negative aspect of taxation. Taxation also has a positive aspect. Some public expenditure can enhance productivity, such as the provision of infrastructure, public education, and health care. Taxation provides the means to finance these expenditures How to cite this paper: Lkhagvajav, B., Enkhbat, R., Suvdaa, D. and Ankhbayar, C. (2019) Economic Growth and Optimal Taxation: A Case of Mongolian Economy. iBusiness and, indirectly, can contribute to an increase in the growth rate. In most developed countries the level of taxes rose steadily over the course of the twentieth century:
an increase from about 5% -10% of gross domestic product (GDP) at the turn of the century to 30% -40% at the end is typical [3] . Much of the literature on economic growth focused on the long-run equilibrium where output per head was constant or modelled growth through exogenous technical progress. By definition, when technical progress is exogenous it cannot be affected by policy. The development of endogenous growth theory has overcome these limitations by explicitly modelling the process through which growth is generated.
But the major question is what size of tax revenue is optimally suitable for a country to maximize growth. Barro (1990) developed a model showing growth-maximizing condition of lump sum taxation under the assumption of a balanced budget. His model indicates that maximum growth is achieved when the size of government equals to the share it would hold when public services were delivered competitively as an input of private sector.
Although his model indicates inverse U-shaped relationship between taxes and growth, the model has not been popular to quantify growth-maximizing tax level. But Scully (1995 Scully ( , 1996 developed a model to estimate optimal tax burden rate showing that tax-growth relationship is inverse U-shaped. While some recent studies use quadratic method to find the optimal size of tax revenue. They clearly show that relationship is positive up to a certain level and starts to become negative after crossing that level.
Unlike many traditional approaches which depict linear relationship between taxes and growth, nonlinear approach showing inverse U-shape is highly recognized as it admits both positive and negative behavior of taxation. However, a majority of the conclusions in this regard are drawn from developed countries and linear regression results. This research tries to estimate the growth-maximizing tax burden rate using the data from Mongolian economic statistics.
Scully himself conducted a series of studies to find the optimal tax size and found that around 20 percent of GDP is suitable for the higher growth. Scully (1991) used quadratic method by taking the data from 103 countries and observed that 19.3 percent of GDP is the growth-maximizing tax rate. In 1995, Scully surveyed the data of USA , and concluded that growth-maximizing tax rate was between 21.5 and 22.9 percent of GNP. Similarly, Scully (2003) used two models-Barro and Scully. He found that growth-maximizing tax rate for the USA is 25.1 and 19.3 percent, respectively. Scully (2006) again surveyed the data of USA , by using his own method developed in 1996, and found that the optimal tax rate for the highest growth is 23 percent of GDP.
Following the Scully method, some other studies have tried to calculate the optimal tax rate, however, the optimal size observed across the studies is not uniform. Chao and Grubel (1998) applied Scully method for Canadian data and explored that the optimal size of taxes for growth maximization in Canada is 34 percent of national income. Keho (2010) (2015) used Scully model, with the inclusion of deficit term, for 4 South Asian countries and found that 13.78 % is the growth-maximizing tax rate. A brief review of related literature has been summarized in [3] .
As it is noticed in [3] researches which cover low-income countries in Asia are very rare. Hence, in this paper, we did an attempt to find the optimal level of tax rate of Mongolian economy using Scully's model.
Methodology and Concavity Property of the Production Function
Based on Schully model (1996), we examine a relationship between economic growth and tax. We assume that there are two sectors in the economy which consists of government sector and private sector. Using labor and capital, government provides the public goods which are due to taxation. Goods of the pri- ( ) ( )
where, Y is the output, G is the government spending on public goods, T lamp sum tax rate for the time period t, 1 α and 2 α are elasticity coefficients. The government budget requires that tax revenue equals the cost of public goods provided which means that:
where, T is the tax rate or a proportion of tax revenue in GDP.
Then combining (1) and (2), we can write ( ) ( )
By definition of growth rate, we have 
For the further purpose, we assume that:
Now we prove the following assertion. In order to prove concavity of the function θ, we need to check a sign of its second order derivative.
Compute first order derivative of the function θ as composite function. 
From (6) we can get ( ) ( )
Hence, we have
which provides the maximum value to function θ. 
Data Description
In 2018, the government budget revenue reached a historical record for the first time, exceeding over 10 trillion MNT. As it is shown in Figure 2 , the government budget revenue to GDP ratio reached a maximum of 37.9 percent in 2007 and a minimum of 22.1 percent in
1996. An average, tax rate is 28.6 percent. 
Numerical Results
For econometric analysis we use the following data which shows relationship between economic growth and tax burden of Mongolia for period 1991-2018 (Table 1) .
Econometric analysis of Schully model [1] which employs the production function with constant returns to scale gives the following result:
( ) The results of the test based on Table 2 are given below.
The empirical results show that the null hypothesis ( 0 r = or 1 r ≤ ) for Trace test and null hypothesis ( 0 r = or 1 r = ) for Maximum Eigen-value test which was not rejected at 5 percent. Consequently, these two cointegration tests cannot be confirmed that variables are cointegrated. Then, the optimal tax rate computed by Formula (11) is Then, the optimal tax rate computed by Formula (11) is 
Conclusions
In this paper, we define the optimal tax rate to provide economic growth of Mongolian economy based on Scully's model. We improve and modify the model by proving the concavity of the production function used in it and also reducing the parameter estimation problem to constrained optimization problem. We find an optimal tax rate as 29.6 percent of the GDP of Mongolia which is greater than average tax rate 28.6 by one percent. It means that at this point of tax rate economic growth will reach the maximum and policymakers should take this value into account in their decision making.
